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Abstract

In this paper, we discuss an almost periodic multispecies Lotka-Volterra mutualism system with time-varying
delays and impulsive effects. By using the theory of comparison theorem and constructing a suitable Lyapunov
functional, sufficient conditions which guarantee the existence and uniqueness and global attractivity of almost
periodic solution of the system are obtained. An suitable example is employed to illustrate the feasibility of the

main results.
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1 Introduction

In real world phenomenon, the environment varies due to the factors such as seasonal effects of weather,
food supplies, mating habits, harvesting. So it is usual to assume the periodicity of parameters in the systems.
However, if the various constituent components of the temporally nonuniform environment is with incommen-
surable (nonintegral multiples) periods, then one has to consider the environment to be almost periodic since
there is no a priori reason to expect the existence of periodic solutions. For this reason, the assumption of
almost periodicity is more realistic, more important and more general when we consider the effects of the
environmental factors. Recently, there have been many nice works on the positive almost periodic solutions of
continuous and discrete dynamics model with almost periodic coefficients(see [1-11] and the references cited
therein).

In this paper, we are concerned with the following multispecies Lotka-Volterra mutualism system with
time-varying delays and impulsive effects

n
() =) [as) =Bt~ ) + 3 )] fg o (;)()t)) it
J=Lg#i (1.1)
() = (1 + hi)wi(t), k€Zt, i=1,2,--,n,

with initial conditions

xl(a) = ¢1(9)a e [_7_7 O]v ¢1(0) € C([_Ta 0]7 R+)v i= 1a2a N, (12)

where z;(t) are the ¢th species population density at time ¢, a;(t) represent the population grow rate of the
species x;; b;(t) and 7;(t) represent the population decay rate and time delays in the competition among the

ith species, respectively; ¢;;(t) and o;;(t) represent the ith species population increase rate and time delays in

the mutualism among the other species x;(¢,j =1,2,--- ,n,i # j); the constant 7 is
T = max{ max { sup 7;(¢ max sup o;
{1<z<n{t€l%)+ z( )} 1<i,j<n,j#1 tGRRr l] }}
hip > —1,i=1,2,--- ,n,k € Z are constants and 0 = tg < t; <ty < --- < t < tx+1 < ---, are impulse
points with lim ¢ = 4-o0.
k——+oo
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For any bounded function f(t) defined on R, define

fe=supf(t), f'=inf f(1).

teR teR

Throughout this paper, we assume that
(H1) a;(t),b;(t) and c;;(t) are all bounded continuous almost periodic functions such that a! > 0, b} >0
and céj >0,4,7=1,2,---,n,j #1.

(H2) H;y(t) = JI (1 + hix),i = 1,2,--- ,n,k € Z" are bounded almost periodic functions and there
0<tp<t

exists positive constants HY and H! such that H! < H;(t) < HY.

(H3) 7;(t) and 04 (t) are positive and continuously differentiable almost periodic functions on R* such that
7:(0) =0, 0;5(0) = 0, 7;(¢t) < 1 and 6;;(t) < 1, which imply that the function @;(t) = t—7;(t), ¥;; (t) = t—0y;(¢)
exist the inverse functions ¢; ' (t), ;' () and @; ' (t) > @;(t), ;' (t) > i;(t) for t > 0.

To the best of our knowledge, this are few papers to investigate the global attractivity of positive almost
periodic solution of multispecies Lotka-Volterra mutualism system with time-varying delays and impulsive
effects. The aim of this paper is to obtain sufficient conditions for the existence of a unique globally attractive
almost periodic solution of the systems (1.1) and (1.2), by utilizing the comparison theorem of the differential
equation and constructing a suitable Lyapunov functional and applying the analysis technique of papers
[1,12-18].

The remaining part of this paper is organized as follows: In Section 2, we will introduce some definitions
and several useful lemmas. In Section 3, by applying the theory of differential inequality, we present the
permanence results for systems (1.1) and (1.2). In Section 4, by constructing a suitable Lyapunov function, we
establish the sufficient conditions which ensure the global attractivity of the system (2.1). In Section 5, some
sufficient conditions which guarantee existence and uniqueness of almost periodic solution of the systems (1.1)
and (1.2) are obtained. A suitable example is given to illustrate the feasibility of the main results in Section

6. Finally, the conclusion ends with brief remarks.

2 Preliminaries

Firstly, we give the definitions of the terminologies involved.

Definition 2.1( [19]) A function f(¢,x), where f is an m—vector, ¢ is a real scalar and x is an n—vector, is
said to be almost periodic in ¢ uniformly with respect to x € X C R", if f(¢, ) is continuous in ¢t € R and
x € X, and if for any € > 0, it is possible to find a constant I(¢) > 0 such that in any interval of length I(¢)
there exists a 7 such that the inequality

| f(t+72) = f(t2) =D |filt+72) = filt,2)| <e

i=1
is satisfied for all t € R,z € X. The number 7 is called an e—translation number of f(¢, ).

Definition 2.2( [16]) A function f : R — R is said to be asymptotically almost periodic function if there

exists an almost periodic function ¢(t) and a continuous function r(¢) such that
ft)=q(t)+r(t),t€ R and r(t) -0 as ¢t — oo.

For the relevant definitions and the properties of almost periodic functions, we refer to [20,21].
Definition 2.3 If (x1(t), z2(t), -+ , 2, (t))7 is a positive solution of systems (1.1) and (1.2), (z1(t), Z2(t), - ,Zn(t))T
is any positive solution of systems (1.1) and (1.2) satisfying

lim Z |Z:(t) — z:(t)] = 0,

t—+00 4
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then we say (21(t), 2(t), -+ ,2,(t))T is globally asymptotically stable.

From the point of view of biology, in the sequel, we assume that x(to) = (x1(tg), z2(to), - , Tn(te))T >0
for some ¢y > 0. Then it is easy to see that, for given x(¢y) > 0, the systems (1.1) and (1.2) have a positive
solution x(t) = (21(t), z2(t), -+ ,x,(t))” passing through x(to) for t € R,

Lemma 2.1 {(z1(t),22(t), -+ ,2,(t))T € R™™|x;(tg) > 0 forty >0,i=1,2,--- ,n} is positive invariant with
respect to the systems (1.1) and (1.2).
Proof. For z;(ty) > 0(i =1,2,---,n), then we get

xi(t):mi(to)exp{/t: {ai(s)—bi(s)xi(s—n(s))—k S ) xj(s_aij(s))))]ds}>0.

o1 1 =+ ZL’j (8 — 045 (S

Thus, we prove Lemma 2.1.

Lemma 2.2( [22]) If @ > (<)z(b — az®), where a, b, ¢ are positive constant, then

liminfz(t) > (2)e (limsup:v(t) < (b)c).

t——+o0o a

Lemma 2.3( [23]) Suppose that the continuous operator A maps the the closed and bounded convex set
@ C R" onto itself, then the operator A has at least one fixed point in set Q.

Consider the following system

y;(t —o4(t)) i=1,2,---,n, (2.1)

) = ) [a0) = Bt =) + D Ol T i

J=1,j#i
with initial value y;(s) = ¢i(s),s € [-7,0], ¢ is defined as that in (1.2), and
Bi(t)= [ +hwbi(t), Cy(t)= ] A +hw)ey(t), j#i.
O<tp<t 0<trp<t

Lemma 2.4 {(y1(t),y2(t), - ,yn(t))T € RT"|y;(to) > 0 for to > 0,4 =1,2,--- ,n} is positive invariant with
respect to the system (2.1).

Lemma 2.5 For system (1.1) and (2.1), the following results hold:
(1) if (ya(t),y2(t), -+ ,yn(t))T is a solution of system (2.1), then

(@10 @2(0), s wa@®)” = (T[] O +hwmn@, T @+ hodie®., T Q0+ haya®)”
0<ty <t 0<tp<t 0<tr<t
is a solution of system (1.1);
(2) if (x1(t), x2(t), -+ , 2, (t))T is a solution of system (1.1), then
(yl(t)v yQ(t)v e ,yn(t))T = ( H (1 + hlk)ilxl(t)a H (1 + th)71x2(t); Ty H (1 + hnk)ilxn(t))T
O<tr<t O<tp<t 0<tp<t

is a solution of system (2.1).

Proof. The proof of Lemma 2.5 is similar to the proof of Lemma 2.5 in [1] and we omit the details here.

3 Permanence

In this section, we establish permanence results for systems (1.1) and (1.2), which can be given by Lemma

2.2. The proofs of following results are similar to the proofs in [1] and we omit the details here.
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Theorem 3.1 Assume that (H1)-(H3) hold. Then any positive solution (z1(t),x2(t), - ,x,(t))T of systems
(1.1) and (1.2) satisfies

m; < liminfz;(t) < limsupz;(t) < M;, i=1,2,---,n,
t—4o00 t—+o00
where
n
a; + ;#,C?j n al
M; = ];);’jlexp{(a? + > C§}>T}7 mi = bT;eXD{(aé — b M;)T}.
i J=1,j#i ’

That is, systems (1.1) and (1.2) is permanent.
Theorem 3.2 Assume that (H1)-(H3) hold. Then any positive solution (yi(t),y2(t), -+ ,yn(t))T of system

(2.1) satisfies

M;
T < iminf yi(t) < 1 ()<= =12,
He lim inf y; (¢) gigopx()_Hé i n

That is, system (2.1) is permanent.

The next result tells us that there exist positive solutions of system (2.1) for t € R™ totally in the interval
of Theorem 3.2. To be precise:

Theorem 3.3 System (2.1) has at least one positive solution (y1(t),ya2(t), -+ ,yn(t))? satisfying

iR <wi(t) < Vi fort € RT.

4 Global attractivity

In this section, we establish the global asymptotical stability of system (2.1).

Theorem 4.1 Assume that the system (2.1) satisfy condition (H1)-(H3) and the following conditions:

(H4) liminf G;(t) >0, i=1,2,--- ,n,
t—+o00

where
i(t) i(t) — |:ai(t) + Hf i(1) +j 1EJ z Hl(l m;) ij(t)] /t i(u)du

- Yoo
_M’LBZ((pz l(t)) ’ (<p1 ) B(u)du

1 Cﬁ(wj,.lt{ My (e @O }
7(1+mi)2,z wﬂ ¢_1t 1+ / 1 Bj(u)dul|,

in which ¢; ! and %El are the inverse function of ;(t) = t—7;(t) and ¢;;(t) = t—0y;(t), 4,5 = 1,2,--- ,n, j # i,
respectively.
Then the solution of system (2.1) is globally attractive.

Proof. Let y(t) = (y1(t),y2(t), -,y ()T and 5(t) = (y1(t),¥2(t), -+ ,¥n(t))? be any two positive solu-
tions of the system (2.1).
From Theorem 3.2, there exists a positive constant 1" > 0, such that

M; )
H“gyl(t)gj’ for t> T, i=1,2,--,n.

Copyright © scitecpub.com, all rights reserved.
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Let
Vii(t) = |Ing;(t) —Iny; ()], i=1,2,---,nm,

then we get the upper right derivative of V;; along system (2.1)

D¥Va(t) = sign(gi(t) — yi(t)) (?{i(’f) z)i(t))

OO
— sign(zi(t) - yz-<t>>{ B [t — (0)) — walt — 7(1))]
n 5yt — 00s() —
’ j:;# il + Hy(0)g;(t —0y5(1)) 1+ H;(0)y;(t — 0 (t))] }

< sign(g(t) - yz-<t>>{ =B [F(t— (1) — wilt — ()] }

it —0ij (1) —y; (t — 035 (1))
Jj= 11751

By using inequality —sign(a) -b < —|a| + |a — b|(a,b € R) we obtain that

D*Va(t) < =Bi(t)[gi(t) = :(8)| + Bit |t o 05) = ()|
PN §(t— 0ii() = 5 (t — 0y (1) (4.1)
j= 1]751

On substituting the equations of system (2.1) into (4.1) yields
DV (t) < =Bi()[5i(t) — yi(t)]

~/tin(t) {yi@ [ai(s) = Bila)gle =il Z Cule)y + gjéz);j?;jisgf)w(@)}

Jj=1,j#i

= 3(9) [a(s) = Bilo(s ~ (o i S AT (sffij(s))] pes

N R L
s —7i(s)) — yi(s — 7i(s))]

no)| X eyttt S gl s

1+ Hj(s)y;(s — 0ij(s)) 1+ Hj(s)y;(s — 0i;(s))

Si=1.g7#1 j=1,ji
+ D (ff?f,f)_)z!yj(t—ou(t))—w(t—az-j(t));. (4.2)
J=1,j#i J

Copyright © scitecpub.com, all rights reserved.


Mohammad
Typewritten Text
World Open Journal of Advanced Mathematics                                                                                                                     Vol. 3, No. 3, March 2016, pp. 1-13                                                                                                                         Available online at http://scitecpub.com/Journals.php

Mohammad
Typewritten Text
Copyright © scitecpub.com, all rights reserved. 

Mohammad
Typewritten Text
______________________________________________________________________________________________________________


World Open Journal of Advanced Mathematics
Vol. 3, No. 3, March 2016, pp. 1-13
Available online at http://scitecpub.com/Journals.php

It follows from (4.2) that for t > T + 7
DTV (t) < =Bi(t)[7:(t) — yi(t))]
i t a;(s i(S)yi(s — (s 75 (5 = 0is(5)) yi(s) — yils
50 [ [ Bt —ne) v 3 o s e )
+ Bi(s)yi(s)[yi(s = 7i(s)) — wi(s — 7(s))]

S0 DD Tl () 155 — o 0)] s

+ > CijnZ)z |9t = 0ij (1)) — (¢ = 03(1)]

n

t Mi,s L,,S () — (s
+Bz(t) ] Tl(t){|:az(5)+H_llB1( )+j 1Zj7£z Hl(1+m]) 1]( ):| |y2( ) yl( )|
" f}ﬁBxs)m«s —(8)) — (s — ()

M, < Cij(s)
D T o) -l (5 s

B — 1 o F S G o ) — (- oo
— _By()|5(t) — wi(8)] + Bi(t) /t_Tl(t)Fz(s)ds+j_§# o 2 0 = 000) = 350 =05 0)
= B ~ 00+ BORO - Rl
i(t = 0i5(t) — y;(t — 03;(1))] (4.3)
Jj= 1)#?
where
Fils) = [0+ G B 4 D0 o) 1) - i)
g j=lj#i 7 J

Mi _ Mi " CijS

+m&(sﬂw(s—n(s))—yi<s—n<s>>|+Pﬁj_lj#m;j)wg(s 75() ~ 1y (s — 0 (5)

and P;(s) is a primitive function of F;(s), ¢,j =1,2,--- ,n, j #i.
Define

e Cocuugt)
Vial(t) = /t L . Bl (s)dsdct Z 1+mj /w(t)wyj(u)—y](u)du, (4.4)

we can easily get that

e tCyg (), ‘
Viat) = /t Bi(u)[Pi(t) — du+]¥¢, 1+mJ A(t)MIyJ(U)—yJ(u)du

-1

ot () w; (1)
P.(t) /t Bi(uw)du — /t Bi(w) P03 (u))du

" N
_— du.
2 +my /wu) wmﬁw»'yu v (u)l

Jj=1,j#i

o
.
—~
<
~
~—
\
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Then, we obtain that for ¢t > T + 7

w; (1) 1
+y/. - . (w)du : —1 —
DValt) = Bt [ Biw)dut PO Bler () Bi(o)
[ Bilr ) Pili (07 (1)) — Ba(t) Palipa(1))]

J=1.5#4
oy %(w;(ww» -
PN e pALAL) T (0 0y () 195 (i (1)) =y (3 (1))

N Gy . - )
j=1,j7i (14 m;)? 195t = o3 (8)) = s i5(1))]
Define
g — % t o 1(l))w o
Vis(t) = H! / HORL () %(% (1)) i (1) — ys(1)|dudl

E

n W;l(wi_jl(l)) BZ(U)C” (¢;]1(l)) )
; (1) —y;(D)|dudl
; /w (1) /w:fm (1+mj)2wij(¢i;l(l))|yj() y; (0| dudl,

we obtain that for t > T + 7

M, B; @i_l t RO O)) ~
D V() = }M/l(t) Bi(u)duly;(t) — yi(t)]
i Pil® ¢;
M; - i (t)
~ g B0l = () e =) [

M; & Cw(w;]l(t)) (5" (1)
—= > dulg;(t) — y;
TH 4, ()20 0) /ww Bl ® =l

l
Hi 25

(1 +m;)* Jy
Define
‘/;(t) = ml(t) + ‘/;Q(t) + ‘/13(t)a 1= 1727 A
it then follows from (4.3)-(4.7) that for t > T + 7
DYVi(t) < —Bi®)g:(t) — i (t)]

n
+ [ai(t) + ;
J=1,j#i i

B (p] RO
MiBi(p; (1)) / By(u)dulgs(t) — s(0)

M; & Cij (5 (1)) e ol O) )
— B;(w)dul|y;(t) — y;(t)].
H] Z;é (L+ )2, (6, (1) /Ww el 0 = (1)

7

Copyright © scitecpub.com, all rights reserved.
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Define Lyapunov function V'(¢) as

it follows from (4.8) that for ¢t > T +
DYV(t) < =) Gi®)lgi(t) — wi(D)], (4.9)

where G,(t) is defined in Theorem 4.1.
By condition (H4), there exist positive constants 3;(: = 1,2,--- ,n) and Ty > T + 7 such that if ¢ > Ty

Let f* = min{f1, B2, -, Bn}, we obtain from (4.9) and (4.10)
DYV () < =By [5:(t) — wi(t)], (4.11)
Integrating both sides of (4.11) on interval [Ty, t], we obtain

—|—,B / Z ‘yz |du < V(To) for ¢ > TO-

To j=1

Therefore, V(t) is bounded on [Ty, +00) and also
+oo T
[ S lmtw) - wlwldu < +oc.
From system (2.1) and Theorem 3.2, we can obtain that

and their derivatives remain bounded on [T, +00). Therefore

Z 19 (t) — yi(

is uniformly continuous. By Barbalat Lemma( [24]), we conclude that

t_lgf_ﬂoo Z |yz | =0
and here

lim [;(t) —yi(t)| =0, i=1,2,---,n. (4.12)

t——+o0

Then the positive solution of system (2.1) is globally attractive. This completes this proof of Theorem 4.1.

5 Almost periodic solution

The main result of this paper concerns the existence and uniqueness of positive almost periodic solution
of systems (1.1) and (1.2) which is globally attractive. We first prove that system (2.1) has a unique globally
attractive positive almost periodic solution. To be precise:

Theorem 5.1 Assume that (H1)-(H4) hold. Then system (2.1) admits a unique positive almost periodic

solution which is globally attractive.
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Proof. From Theorem 3.3, there exists a bounded positive solution (y1(t),y2(t), -+ ,yn(t))T of system (2.1)

satisfying o
m; i +

Then there exists a sequence {(5;} with 5;) — 00 as p — oo such that (y1(t + 5;), ya(t + 51/7), e yp(t+ (51/7))T is
a solution of the following system

n ’

, : Cij(t+0,)y;(t — 035(1))
Yi(t) = yi(t) | ai(t +0,) — Bi(t + 0,)yi(t — 7i(t)) + o ;
O =wO)|at+8) - B+ -n)+ 30 TR

i=1,2,---,n. (5.1)

From above and Theorem 3.1, we have that not only (y (¢t + 51;)7 ya(t + 6;,), ey (T 5;))T but also (91 (t +
6;)7 yg(t—&—é;), - ,y'n(t—i—é;)))T are uniformly bounded, thus (yl(t—i—(S;,), Y2 (t+6;7), - 7yn(t—l—éj;))T is uniformly
bounded and equi-continuous. By Ascoli theorem [25], there exists a uniformly convergent subsequence {(y (t+
8p),y2(t+8p),  yn(t+6,)) T} C {(y1(t+6,),52(t +6,),+ ,yn(t +6,))T} such that for any Ve > 0, there
exists a Ag(e) > 0 with the property that if p, g > A\o(g) then

|yz(t+5p)_yz(t+5q)| <8? Z:1727 , 1y

which shows that (y1(t),y2(t), - ,yn(t)) is asymptotically almost periodic function of system (2.1). So, by
Definition 2.2, there exist p;(t) and ¢;(t), for i = 1,2,--- ,n,t € R, such that

yi(t) = pi(t> + qi(t)7 te R+7

where

Jim pi(t+6,) =pi(t),  lim qi(t+3p) =0,

p;(t) are almost periodic functions. It means that

p——+oo

On the other hand,

yi(t +0p + h) —yi(t 4+ 5p)

lim ¢(t+9,) = lim lim

p—+00 p—+00 h—0 h
i g B R it Gp) L pitAR) - pz(t)7 (5.2)
h—0p—+o0 h h—0 h
so the function p;(t)(i = 1,2,--- ,n) exist.

Now we will prove that
p(t) = (1(8), (), -, pa(t)"

is an almost periodic solution of system (2.1).

From properties of almost periodic function, there exists a sequence {d)}, dx — 0o as A — +o0, such that
ai(t + (5)\) — ai(t), B,(t + 5A) — B7(t), Cu(t + (S)\) — Oij(t), H,(t + 5)\) — H,(t), Ti(t + 5)\) — Ti(t),

as A — +oo uniformly on R+, i=1,2--,n.
It is not difficult to know that

lim yi(t—i—é,\):pi(t), 1=1,2,---,n,
A——+o0o
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then we have

pi(t) = lim g;(t+ )

A—+o00

= AEI-',I-I yi(t + ) [ai(t + 5)\) — Bi(t + 6>\)yi(t + d) — Ti(t + (5)\>)

+ Y Cilt+6)

j=1,j#i

B y;(t —oi; (1))
= pi(t) {ai(t) - B; (t)yl( - z ) IZJ¢Z OZJ 1 —|—Hj(t)yj(t — O'ij(t)):| '

yj(t‘i’(;)\fgij(t+5)\)) :|
1 + Hj(t + (S)\)yj(t + (S)\ - O’ij(t + 5)\))

This prove that p(t) = (p1(t),p2(t), -+ ,pn(t))T satisfied system (2.1), and p(t) is a positive almost periodic
solution of system (2.1).

Finally, we show that there is only one positive almost periodic solution of system (2.1). For any two

positive almost periodic solution p(t) = (p1(t),p2(t), -+ ,pn(t))T and q(t) = (q1(t), g2(t), - , qn(t))T of system
(2.1), we claim that p;(t) = ¢;(t)(i = 1,2,--- ,n) for all t € RT. Otherwise there must be at least one positive
number ¢ € R™ such that p;(€) # ¢;(€) for a certain positive integer 4, i.e., ® = [p;(€) — ¢;(€)| > 0. So we can
easily know that

= lim pi(€+d)— lim g(€+0,)l= lm [pi(§+0,)—aq(§+dp) = lm |p(t)—at) >0,

which is a contradiction to (4.12). Thus p;(t) = ¢;(t) (i = 1,2,--- ,n) holds for Vt € R*. Therefore, system
(1.1) admits a unique almost periodic solution which is globally attractive. This completes the proof of
Theorem 5.1.

Theorem 5.2 Assume that (H1)-(H4) hold. Then systems (1.1) and (1.2) admit a unique positive almost
periodic solution which is globally attractive.

Proof. From Lemma 2.5, we know that

(xl(t)7x2(t)» T axn(t))T = ( H (1 + hlk)yl(t)7 H (1 + th)yQ(t)7 Ty H (1 + hnk)yn(t))

O<tp<t O<tr<t 0<tp<t

T

is a solution of systems (1.1) and (1.2). Since condition (H2) holds, similar to the proofs of Lemma 31 and Theo-
rem 79 in [26], we can prove that (z1(t), z2(t), -+, z,(t))T is almost periodic. Therefore, (z1(t), z2(t), -+, zn(t))T
is a unique globally attractive almost periodic solution of systems (1.1) and (1.2), because of the uniqueness

and of global attractivity of (y1(t),y2(t), -+ ,yn(t))T of system (2.1). This completes the proof.

Remark 5.1 If 7;(t) = 7 and 04;(t) = 04;(¢,j = 1,2,--- ,n,j # i), where 7; and o0;; are nonnegative con-

stants, the condition (H4) can be simplified. Therefore, we have the following result.

Corollary 5.1 Let 7;(t) = 7; and 0y;(t) = 04;(¢,5 = 1,2,--- ,n,j # 1), where 7, and o;; are nonnegative

constants. In addition to conditions (H1) and (H2) assume further that

M, t+7i+0ji
lflgﬁgof {Bi(t) Axmz Z Cii(t+ o) [1 + Hl / Bj(u)du]

J=1,j#i toji
M n M.C.:(t t+T7; M. B (t ) t+27;
— |:ai(t) + %Bi(t) + Z l]”()] / B;(u)du — M / Bi(u)du} > 0,
H; e LA+ mg) 1, H; b+
i=1,2,--- ,n. Then systems (1.1) and (1.2) admit a unique positive almost periodic solution which is globally

attractive.

Remark 5.2 If hy, =0(i =1,2,--- ,n,k € R+), the condition (H4) can be simplified. Therefore, we have
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the following result.

Corollary 5.2 Let hj =0(i =1,2,--- ,n,k € R"). In addition to conditions (H1) and (H3) assume further
that

1 " et e; (W5 (1)
lim inf {bi(t) T ”(%7_1()) {1 + Mj/ T bi(u)dul
fmrfoo (1 4m;) j=1,j#i wji(z/)ji (t)) Pt ()
—1 -1 -1
" Mt e; (1) M:b: (0~ (¢ e (0 ()
_ {ai(t) Mb)+ S JCJ()] / b (w)du — Mibilei (D) / bi(u)du} >0,
j=1,j#i Ldm; |/, ¢i(p; (1) Jor

i=1,2,--- ,n. Then systems (1.1) and (1.2) admit a unique positive almost periodic solution which is globally
attractive.

Remark 5.3 If 0;;(t) = 0(4,j = 1,2,--- ,m,j # i), system (1.1) reduces to the system (1.1) in [1]. Some

known results in [1] are improved and generalized.

6 An example

In this section, we give the following example to check the feasibility of our result.

Example Consider the following two species Lotka-Volterra mutualism system with time delays and impulsive
effects:

@1 (t) = 21(t) [0.3 —0.05sin(v/2t) — (0.25 — 0.05 cos(v/3t))z1 (t — 0.01) + 0.1z2(t = 0.02) ] ,

1+ z(t — 0.02)
0.0521 (t — 0.01)]

Eo(t) = 2o(2) [0.3 —0.05 cos(v/2t) — (0.25 — 0.05sin(v/3t))z1 (t — 0.02) + Tt 2.t = 0.0D)

(6.1)
21 (tF) = (14 hy)aa (),

zo(tf) = (L + hy)xa(ty), ke Zt.

where [ (14 hy) € [1,1.1] is almost periodic, ¢t € R™T.
0<trp<t
A computation shows that

my ~ 0.8262, M; ~ 2.1703, ms ~ 0.7371, Ms ~ 2.2681, 7 = 0.02,

and moreover, we have
liminf Gy (t) > 0.05 > 0, liminf Go(t) > 0.05 > 0,
t——+oo

t——+oo

It is easy to see that the condition (H4) are satisfied. Hence, there exists a unique globally attractive almost
periodic solution of system (6.1).

7 Concluding Remarks

In this paper, a multispecies Lotka-Volterra mutualism system with time-varying delays and impulsive
effects is considered. Assume that the coefficients in system (1.1) are bounded non-negative almost periodic
functions, we obtain the sufficient conditions for the existence of a unique almost periodic solution which is
globally attractive. By comparative analysis, we find that when the coefficients in system (1.1) are almost
periodic, the existence of a unique almost periodic solution of system (1.1) and (1.2) is determined by the
global attractivity of system (1.1) and (1.2), which implies that there is no additional condition to add.
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Furthermore, for the almost periodic multispecies Lotka-Volterra mutualism system with time-varying

delays and feedback controls, we would like to mention here the question of whether the existence of a unique

almost periodic solution is determined by the global attractivity of the system or not. It is, in fact, a very

challenging problem, and we leave it for our future work.
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